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Abstract 
Intrinsic stability as to phase separation of an antiferromagnetic state is studied for a strongly correlated Hubbard model with 
frustration (t-t’-U model) near half filling, using a variational Monte Carlo method. In the Hartree-Fock (one-body) part of the many-
body trial state, band-renormalization effect, which is necessary for partly recovering the nesting condition, is introduced up to three-
step hopping distance. As a result, a doped AF state for  ݐᇱȀݐ ൌ Ͳ has a low energy but is unstable toward phase separation, which is 
consistent with previous studies. In contrast, the AF state becomes stable against phase separation for  ݐᇱȀݐ ൌ െͲǤ͵, owing to the 
contribution of hopping energy in diagonal directions. The doped AF states are metallic for the two values of  ݐᇱȀݐ, but exhibit 
contrastive behavior in the momentum distribution function in the nodal and antinodal regions.  
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1. Introduction 
In cuprate superconductors (SC’s), microscopically inhomogeneous phenomena are observed such as the striped 
states in La systems and the mosaic distribution of gap width in Bi systems [1]. On the other hand, highly homogeneous 
mixed states of superconducting (SC) and antiferromagnetic (AF) orders are realized in underdoped regimes of 
multilayered cuprates such as Hg systems [2]. It is important to understand the origin of this difference; it is probable 
that this variety of homogeneity in cuprates chiefly depend on the tendency of electronic states toward phase separation. 
Theoretically, instability toward phase separation near half filling has long been disputed in the t-J model in many 
literatures [3]. Recently, variational Monte Carlo (VMC) studies showed that states with long-range AF orders are 
unstable toward phase separation near half filling in strongly correlated Hubbard models on square lattices with 
ݐᇱȀݐ ൎ Ͳ, where ݐԢ is the hopping integral to diagonal sites [4,5]. For La (Y, Bi) systems, the value of ݐᇱȀݐ is estimated at 
̱ െ ͲǤͳ (̱ െ ͲǤ͵) and is even smaller than െͲǤ͵ for inner planes of multilayered systems for lack of apical oxygen 
atoms [6]. Because the nesting condition is vital to stabilize an AF state, we need to introduce band-renormalization 
effect (BRE) [7] in discussing the stability of an AF state, in particular, for highly frustrated systems with large ȁݐᇱȀݐȁ’s. 
Reference [4] showed that a simple AF state exhibits intrinsic instability (ߢ ൏ Ͳ, ߢ: charge compressibility) for ݐᇱȀݐ ൌ Ͳ 
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and െͲǤͳ, but is stable (ߢ ൐ Ͳ) for ݐᇱȀݐ ൌ ͲǤʹͷ, without introducing BRE into the trial wave function. In Ref. [5], mixed 
states of AF and SC orders are shown to be unstable toward phase separation for ݐᇱȀݐ ൌ Ͳ and െͲǤͳͷ. In these studies, 
the relationship between the value of  ݐᇱȀݐ intrinsic stability has not been cleared up. In this work, we clarify this 
relationship for a pure AF (not mixed) state using a VMC method with introducing BRE.   
2. Model and method 
As a model of cuprate SC’s, we consider the Hubbard model on a square lattice with diagonal hopping term:  
࣢ ൌ ࣢௧ ൅࣢௧ᇲ ൅࣢௎ ൌ െݐ ෍ ൫ܿ௜ఙற ௝ܿఙ ൅ Ǥ Ǥ ൯ െ ݐԢ ෍ ൫ܿ௜ఙற ௝ܿఙ ൅ Ǥ Ǥ ൯ ൅ ܷ෍ ௝݊՛ ௝݊՝
௝ሺ௜ǡ௝ሻఙۃ௜ǡ௝ۄఙ
ǡሺͳሻ 
where the sums of ۃ݅ǡ ݆ۄ and ሺ݅ǡ ݆ሻ are taken for nearest-neighbor and diagonal-neighbor site pairs, respectively. To this 
model, we apply a variational Monte Carlo method, which is reliable even for large values of ܷȀݐ in the sense that local 
correlation factors are exactly treated. To study an AF phase for a large  ܷȀݐ, we use a trial wave function of Jastrow 
type, Ȳ୅୊ ൌ ொܲ ୋܲȰ୅୊ , where ୋܲሺ݃ሻ  and ொܲ (ߞୢǡ ߞ୦ ) are the well-known onsite (Gutzwiller) factor and a nearest-
neighbor doublon-holon binding factor, which is essential to describe a (doped) Mott insulator, respectively [8]. As the 
one-body AF state Ȱ୅୊, we consider a form of Hartree-Fock solution for the completely nested case (ݐᇱ ൌ Ͳ) [9], 
namely, Ȱ୅୊ ൌ ς ܽܓǡ஢ାܓאܓూǡఙ ȁͲۄǡ with 
ܽܓǡ஢ା ൌ ߙܓܿܓǡఙற ൅ ሺߪሻߚܓܿܓାۿǡఙற ǡሺܓ א ሻሺʹሻ  
ܽܓାۿǡ஢ା ൌ െሺߪሻߚܓܿܓǡఙற ൅ ߙܓܿܓାۿǡఙற ǡሺܓ ൅ ۿ ב ሻሺʹሻ 
ۿ ൌ ሺߨǡ ߨሻ, ሺߪሻ ൌ ͳ or ሺെͳሻ according to ߪ ൌ՛ or ՝, and 
ߙܓሺߚܓሻ ൌ
ͳ
ξʹඨͳ െ ሺ൅ሻ
ߝܓ
ඥߝܓଶ ൅ ߂ଶ
ǡߝܓ ൌ ߛܓ ൅ ߝୢ ൅ ߝଶ ൅ ߝ୦ ൅ ߝଷǤሺ͵ሻ 
Here, ߂ corresponds to an AF gap parameter in the sense of mean-field theory. To introduce BRE, we modify the band 
dispersion ߝܓ as the second equation in Eq. (3) by adding hopping terms (or modifying ݐǁୢ ) within three-step processes: 
ߝୢ ൌ െͶݐǁୢ ݇௫݇௬ , ߝଶ ൌ െʹݐǁଶሺʹ݇௫ ൅ ʹ݇௬ሻ , ߝ୦ ൌ െͶݐǁ୦ሺʹ݇௫  ݇௬ ൅  ݇௫ ʹ݇௬ሻ , and ߝଷ ൌ
െʹݐǁଷሺ͵݇௫ ൅ ͵݇௬ሻ to the bare term, ߛܓ ൌ െʹݐሺ݇௫ ൅ ݇௬ሻ. Here, tildes indicate that ݐǁ஗Ȁݐ (Ʉ ൌ ǡ ʹǡ ǡ ͵) is a 
parameter independent of ݐᇱȀݐ in ࣢ and is optimized along with the other variational parameters (݃, ߞୢ , ߞ୦ , ߂). By 
introducing these ߝ-terms, Ȳ୅୊ becomes a trial state suitable for the cases of finite ݐᇱȀݐ and ߜ in strongly correlated 
regimes, although Ȱ୅୊ deviates from the original Hartree-Fock solution that satisfies ሺߨǡ ߨሻ-band folding. In optimizing  
Ȳ୅୊, standard VMC procedures are repeatedly performed until reliable convergence at the global minima, because the 
energy surface is extremely flat and discontinuous as a function of ݐǁ஗Ȁݐ. Since we are interested in strongly correlated 
regimes, we fix ܷȀݐ at a typical value 12 in the following.  
3. Results and discussions 
We start with reviewing relevant features of non-
renormalized AF state (NR-AF) [8,4]. As ݐᇱ  is introduced,  
NR-AF is rapidly reduced to a paramagnetic state (ȁݐᇱȀݐȁ ذ
ͲǤͳͷ) at half filling. For ݐᇱȀݐ ذ ͲǤͳͷ (electron-doped cases), 
NR-AF is unstable near half filling, but becomes stable for a 
finite doping rate ߜ  [ൌ ͳ െ ܰȀ ୱܰ  with N ( ୱܰ ) being the 
number of electrons (sites)].  On the other hand, an AF order 
does not arise for ݐᇱȀݐ ൏ െͲǤʹ  (hole-doped cases). 
Furthermore, NR-AF is unstable toward phase separation for 
ݐᇱȀݐ ൌ Ͳ  and െͲǤͳ , but stable for ݐᇱȀݐ ൌ ͲǤʹͷ  [4]. These 
results were derived by analyzing the curvature of ܧሺߜሻ. Here, 
we reproduce this result with charge compressibility ߢ 
[ൌ ሺͳ െ ߜሻଶ߯ୡ]. For ߢ ൐ Ͳ (ߢ ൏ Ͳሻ, the state is stable against 
(unstable toward) phase separation. In Fig. 1, we plot the 
inverse charge susceptibility calculated through 
߯ୡିଵሺ݊ሻ ൌ ୱܰଶ
ܧሺܰ ൅ Ͷሻ ൅ ܧሺܰ െ Ͷሻ െ ܧሺܰሻ
Ͷଶ ǡሺͶሻ 
Fig. 1. Charge susceptibility of non-renormalized AF and 
paramagnetic (N) states as functions of doping rate. The 
boundary of AF phase ߜ୅୊ is indicated by an arrow. The 
scattering of the data mainly stems from the shell 
condition, a kind of system-size effect. In this study, 
systems of ୱܰ ൌ ܮ ൈ ܮ  sites are used under the periodic-
antiperiodic boundary conditions. 
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with VMC data for ୱܰ ൌ ͳͲ-ͳͺ for ݐᇱȀݐ ൌ Ͳ. Here, ܧሺܰሻ is the total energy per site for an N-electron system. We 
should disregard the data points for ߜ̱Ͳ owing to the anomaly of Mott transitions. Because the range of negative ߯ୡିଵ 
accurately corresponds to the AF regime (Ͳ ൏ ߜ ൏ ߜ୅୊̱ͲǤͳ͸), the instability toward phase separation is caused by 
antiferromagnetism. This instability is consistent with those of previous studies for mixed states with AF and SC [5]. In 
passing, we find ߢ ൐ Ͳ in the paramagnetic and SC phases, except in the limit of  ߜ ՜ Ͳ. 
Fig. 2. Total energy per site and staggered magnetization of band renormalized AF state for (a) ݐᇱȀݐ ൌ Ͳ and (b)  ݐᇱȀݐ ൌ െͲǤ͵. In (b), total energy of 
the paramagnetic state (band renormalized up to ݐୢ)   is also shown for comparison. Broad values of ߜ୅୊ is indicated by arrows on abscissae. 
Now, let us discuss BRE. In Fig. 2(a), we plot the total energy per site and sublattice magnetization ݉ of the band-
renormalized AF state (R-AF) for ݐᇱȀݐ ൌ Ͳ. The behavior of both quantities is qualitatively similar to that of NR-AF 
(not shown).  In the AF regime (Ͳ ൏ ߜ ൏ ߜ୅୊̱ͲǤͳ͸), ܧȀݐ looks convex again, namely,  ߯ୡି ଵ ൌ μଶܧ μߜଶΤ ൏ Ͳ, but 
concave in the paramagnetic regime (ߜ ൐ ߜ୅୊). Here, we estimate ߯ୡି ଵon average, because the accuracy of VMC 
somewhat decreases for R-AF. On the analogy of NR-AF, for which ߯ୡି ଵ  is roughly constant in both AF and 
paramagnetic regimes (Fig. 1), we found also for R-AF that ܧȀݐ is closely fitted by a parabolic form, ܧሺߜሻȀݐ ൌ ܽ଴ ൅
ܽଵߜ ൅ ܽଶߜଶ, in the whole AF ranges of ߜ. As a result, we have ߯ୡି ଵ ൌ ܽଶ as an average value in the AF regime. In 
Table 1, we summarize the results of this analysis for four values of  ݐᇱȀݐ. For ݐᇱȀݐ ൌ Ͳ, ܽଶ is negative and ȁܽଶȁ is 
sufficiently large, so that R-AF is still unstable toward phase separation. Therefore, BRE is only quantitative in this case.  
In contrast, for  ݐᇱȀݐ ൌ െͲǤ͵, BRE decisively affects the results [Fig. 2 (b)]. First, the range of ߜ where the AF phase is 
stable appears (recall that NR-AF does not become stable for ݐᇱȀݐ ൌ െͲǤ͵), and furthermore this range is wider than 
that for ݐᇱȀݐ ൌ Ͳ (Fig. 2). Second, ܧሺߜሻȀݐ becomes concave even in the AF range and has a large positive ܽଶ as shown 
in Table 1. It means that a uniform commensurate AF state can appear in sufficiently frustrated systems such as Bi, Y 
and Hg systems at finite doping rates. In a weakly frustrated case (ݐᇱȀݐ ൌ െͲǤͳ), where NR-AF is unstable toward 
phase separation [4], ܽଶ  is almost zero, indicating that the system is marginal in intrinsic stability as to charge 
homogeneity, and probably becomes sensitive to perturbations not including in the present model, Eq. (1). It is possible 
that this result is related to the charge inhomogeneity found in La systems. In an electron-doped case (ݐᇱȀݐ ൌ ͲǤ͵), we 
found ܽଶ is positive and sufficiently large. This intrinsic stability for ݐᇱȀݐ ൐ Ͳ is also obtained for NR-AF [4].  
Table 1. Coefficients in expansion of ܧሺߜሻȀݐ up to second order in ߜ, estimated from method of least squares. Results for some values of ݐᇱȀݐ and 
ܮ are compared. System-size dependence does not affect the essence of discussion for any value of  ݐᇱȀݐ.  
                    ݐᇱȀݐ ͲǤ͵ ͲǤ͵ Ͳ Ͳ Ͳ െͲǤͳ െͲǤ͵ െͲǤ͵ 
Coefficients  \   L ͳʹ ͳͲ ͳͶ ͳʹ ͳͲ ͳͲ ͳʹ ͳͲ 
ܽ଴ െͲǤ͵ͷ͵ െͲǤ͵ͷ͵ െͲǤ͵ͷ͵ െͲǤ͵ͷ͵ െͲǤ͵ͷ͵ െͲǤ͵ͷ͵ െͲǤ͵ͷͲ െͲǤ͵ͷͲ 
ܽଵ െʹǤͷͶ െʹǤͷͶ െͳǤͷͻ െͳǤ͸Ͳ െͳǤ͸͵ െͳǤ͸͸ െͳǤͺ͸ െͳǤͺͺ 
ܽଶ ͲǤͺͶʹ ͲǤͺͶͷ െͳǤʹͷ െͳǤͳͻ െͲǤͻʹͲ ͲǤͲͳͷ ͳǤͷͷ ͳǤ͸ͳ 
 
Next, we consider the origin of this intrinsic stability for hole-doped highly frustrated cases. In Fig. 3, we plot the 
energy components for ݐᇱȀݐ ൌ െͲǤ͵. The interaction energy ܧ௎Ȁݐ is almost linear in ߜ, and the hopping energy in the 
lattice directions ܧ௧Ȁݐ has a convex curvature. This behavior of ܧ௎Ȁݐ and ܧ௧Ȁݐ are common to the case of ݐᇱȀݐ ൌ Ͳ, in 
which the hopping energy in diagonal direction ܧ௧ᇱȀݐ does not exist. For  ݐᇱȀݐ ൌ െͲǤ͵, ܧ௧ᇱȀݐ is positive and raises the 
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energy for ߜ ൐ Ͳ, but has a concave curvature. As a result, the total energy becomes concave. This feature is common 
to an electron-doped case (ݐᇱȀݐ ൌ ͲǤ͵) except for ܧ௧ᇱȀݐ ൏ Ͳ. 
Finally, we discuss a couple of properties of R-AF on 
the basis of correlation functions. In Fig. 4(a), the behavior 
of the charge-density structure factor ܰሺܙሻ in underdoped 
densities (ߜ̱ͲǤͲͺ) is shown for three values of ݐᇱȀݐ . In 
every density, ܰሺܙሻ ן ȁܙȁ  holds in the limit of ȁܙȁ ՜ Ͳ , 
indicating a gapless excitation in the charge degree of 
freedom, namely, the state is metallic. In Fig. 4(b), the 
momentum distribution function ݊ሺܓሻ  is shown for the 
same conditions. For ݐᇱȀݐ ൌ െͲǤ͵ , ݊ሺܓሻ  is smooth near 
ሺߨǡ Ͳሻ, but has a discontinuity in the nodal direction near 
ሺߨȀʹǡ ߨȀʹሻ; this AF state shows a gapped behavior in the 
antinodal region but metallic one in the diagonal direction. 
This feature is common to those of the d-wave SC state [4] 
and staggered flux states [10]. The situation becomes 
opposite for ݐᇱȀݐ ൌ Ͳ and ͲǤ͵. We would like to pursue this 
point in future studies. 
 
Fig. 4. (a) Charge-density structure factor are shown along the path (ͲǡͲ)-(ߨǡ Ͳ)-(ߨǡ ߨ)-(ͲǡͲ). (b) Momentum distribution function is plotted in the 
original Brillouin zone. For both quantities, the results for three values of ݐᇱȀݐ are compared. Finite-size effects are essentially unimportant. 
4. Summary 
With cuprate superconductors in mind, we study the relationship between the effect of diagonal hopping and the 
intrinsic instability toward charge inhomogeneity in an antiferromagnetic (AF) state, using a variational Monte Carlo 
method. We showed that, in a technical sense, the band renormalization effect is crucial to address the present subject, 
especially for large values of ȁݐᇱȀݐȁ. The instability toward phase separation is restricted to the range of weakly 
frustrated cases (ȁݐᇱȀݐȁ د ͲǤͳ). In highly frustrated cases, the AF states are stable against charge inhomogeneity. In this 
article, the discussion is restricted to simple AF states. However, it is indispensable to treat a coexistent state of AF and 
superconducting orders for comparing directly with cuprates. We will report on it in coming publications.   
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